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Figure 1: Binary Drawings

This paper is written for the purpose of describing my ScM Project. It introduces
a drawing algorithm for a tree type of graph. The drawing algorithm is the extension
of the orthogonal straight line drawing[1], which is implemented in java and the javadoc
documentation is attached in the appendix. While the orthogonal straight line drawing
algorithm[1] is designed only for binary tree graph, This new algorithm is aimed for rooted
tree graph with nodes of arbitrary number of children. The aspect ratio is considered as
one of the important feature, so it becomes the target of analysis in the section 3, as it is in
the orthogonal straight line drawing algorithm.

1 Base Drawing

To support the algorithm for trees with arbitrary children, the base case drawing
algorithms need to be adjusted. Let’s recall those algorithms for binary trees.
Assume that there is a binary tree and that under any of its nodes, the right child is
heavier than the left child. In Figure 1, (a) is the drawing of heightO(log n), width
O(n) and (b) is the drawing of heightO(n), and widthO(log n).
Now, generalize the scheme for trees with arbitrary number of children.

Assume there is a tree and there are l number of children underv1, the root.
Note the drawings for trees in Figure 2 for idea of this drawing scheme.
We assume that the tree is right weighted. Locally, ifv1 is right weighted, it means
that the last subtree,T l

1 among the group ofv1’s children,T 1
1 , ..., T l

1 is heavier than
any of its sibling subtrees, i.e. it has the biggest number of leaves. Let’s redefine
’right weighted’ concept in this way for the whole tree. So, the same concept ap-
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Figure 2: General Case Tree Drawings
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plies to every nodes of the tree.

Now, the drawing scheme is as simple as the one for binary trees.

Firstly, separate the first subtree, locate the root of the first subtree,T 1
1 , and

then draw its subtrees recursively. Secondly, consider the rest of the subtrees, sep-
arate the first subtree among the group of subtrees and follow the same procedure.

In Figure 2, (a) is a drawing of a tree with heightO(logln) and widthO(n),
and (b) in Figure 2 shows a recursive structure for this drawing, similar to the
binary tree drawing. With this drawing, we get non-orthogonal drawing, keeping
the straight lining and grid coordinated properties.

In Figure 2, (c), (d) shows the drawing method of heightO(n), and width
O(logln). This second method follows almost the same procedure as the one de-
scribed above, except the fact that determines the aspect ratio.
As results of these tree drawings for a tree ofn node withl children, we get the
following results.

1. a planar upward straight-line drawing of a treeT with height at most
blogl nc and widthn − 1

2. a planar upward straight-line drawing of a treeT with width at most
blogl nc and heightn − 1

This drawing scheme can be constructed inO(n) time.
Because I have been considering l≥ 2, the followings are also satisfied with

the base drawings.

1. a planar upward straight-line drawing of a treeT with height at most
blog2 nc and widthn − 1

2. a planar upward straight-line drawing of a treeT with width at most
blog2 nc and heightn − 1

2 Upward Drawing

Next, I will extend the recursive winding scheme[1] for binary tree to a scheme
for trees with nodes of arbitrary number of children. In the frames of Figure 2, the
rectangles representing sub-drawings may not be a single subtree, but a group of
subtrees.
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Consider a tree with nodes of arbitrary number of children. In recursive winding
scheme[1], a binary tree is identified by its root node, the left and the right child.
The right child is always heavy, or has more leaves than the left child does, with
the two children defined recursively. Use the same idea to identify a general tree
as follows.
A tree is identified by its root node, its heaviest child, and the rest of its children.
The last element is a list of children except the heaviest one, or the one that has
the biggest number of leaves. Each of the children is defined recursively. The Fig-
ure 3 explains this idea. A tree with more than two children is represented as if it
were a binary tree by grouping subtrees together. It is shown on the left side of the
Figure 3. The left child of each of the nodesv1,...,vk is denoted,T1, ..., Tk in this
figure and each of those are again the groups of subtrees under each of the nodes,
v1,...,vk. In other words,Ti is a group of subtrees,T 1

i , ..., T l−1
i , assuming there are

l number of children undervi. In Figure 3, the detail inside the box of dotted line
is shown on its right side.

Now, I would like to introduce the extended recursive winding scheme. The
dotted line in Figure 4, which connect a node with the drawing of its subtrees
implies that the sub-drawing can consist of more than one subtrees and at the same
time, the drawing can be non-orthogonal grid drawing.
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As the binary case, fix a parameterA > 1 to be determined later.
If n < A, use the first base drawing method in section 1 for the whole tree. If

not, follow the procedure described as below.
Note that the same notation is used for in [1], such asN [v](number of leaves under
v), Tm(the left child of a nodevm in Figure 3)... etc.
Now find the index k, such thatN [vk] > n − A andN [vk+1] ≤ n − A.
In case of (a) in Figure 4, draw each of the subtrees ofv1 recursively. In case of (b)
in Figure 4, draw the left child ofv1, T1 first, using the first base drawing scheme.
Then draw each of the subtrees ofv2, recursively. In case of (c) in Figure 4, draw
the left child of each node,v1, ..., vk−2, i.e. T1,...,Tk−2, using the first base drawing
scheme. Then draw the left child ofvk−1, i.e. Tk−2 using the second base drawing
scheme. Again draw each of the subtrees ofvk, recursively toward the opposite
direction.

3 Analysis

In this section, I would like to give the analysis of the drawing method given in the
previous section. The analysis contains each of the height, the width and the time
bound of a drawing.

Before proceeding to compute each of theH(n), W (n), andT (n), I will first
analyze the recurrence relation modified from [1].
SupposeA > 1, m ≥ 2 and f is a function such that

• if n ≤ A, thenf(n) ≤ 1; and

• if n > A, thenf(n) ≤ f(n1) + ... + f(nl) + 1 for somen1, ..., nl ≤ n−A
with n1 + ... + nl ≤ n and2 ≤ l ≤ m.

Then

f(n) < (m + 2)
n

A
− 1,∀n ≥ A (1)

In the analysis of the recursive winding scheme, the variableA in the scheme will
be plug into the variableA in this recurrence relation, the number of children under
vk, into the variablel. Alsom will be taken from the maximum number of children
that any node can have in the tree. In addition, the functionf(n) will be derived
from each of the functionsH(n), W (n) andT (n) for the analysis.
Proof: The proof is by induction. Suppose the theorem is true forn1, ..., nl.
If all n1, ...nl < A, then

f(n) ≤ m + 1 < (m + 2)
n

A
− 1
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If ∃ non-empty setI = {j|0 < j < l} such that∀i ∈ I, ni ≤ A, then assume
|I| = i,

f(n) ≤ i +
∑

j /∈I

f(nj) + 1

< i +
∑

j /∈I

((m + 2)
nj

A
− 1) + 1

= (m + 2)
∑

j /∈I

nj

A
− (l − i) + i + 1

= (m + 2)
∑

j /∈I

nj

A
− l + 2i + 1

< (m + 2)
∑

j /∈I

nj

A
− l + 2l + 1

< (m + 2)
∑

j /∈I

nj

A
+ l + 1

< (m + 2)
∑

j /∈I

nj

A
+ m + 2 − 1

< (m + 2)(
∑

j /∈I

nj

A
+ 1) − 1

≤ (m + 2)
n

A
− 1

Finally, if all n1, ...nl > A, then

f(n) ≤
∑

1≤i≤l

(
f(ni)

A
− 1) + 1

<
∑

1≤i≤l

((m + 2)
ni

A
− 1) + 1

<
∑

1≤i≤m

((m + 2)
ni

A
− 1) + 1

<
∑

1≤i≤l

(m + 2)
ni

A
+ (m − 1)

< (m + 2)
n

A
− 1

Now, let H(n),W (n), andT (n) denote the height, width, and construction
time for drawing a tree.
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Let ni = N [vi](number of leaves ofTi), n1
k = N [v1

i ], n
2
k = N [v2

i ], ... and note the
following properties:

n1 + ... + nk−1 = n − N [vk] < A (2)

N [vk+1] ≤ n − A (3)

In any case, the drawing for a tree of l number of children, can be made with the
following bounds on the height, width, and construction time:

H(n) = max{H(n1
k) + ... + H(nl

k) + l + 1 + log A,nk−1 − 1}
W (n) = max{W (n1

k) + 1, ...,W (nl−1
k ) + 1,W (nl

k), n1 + ... + nk−2} +
log nk + 1

T (n) =T (n1
k) + ... + T (nl

k) + O(n1 + ... + nk−1 + 1)

Then by property (2),

H(n) = max{H(n1
k) + ... + H(nl

k) + l + O(log A), A}
W (n) = max{W (n1

k) + 1, ...,W (nl−1
k ) + 1,W (nl

k), A} + O(log A)

T (n) =T (n1
k) + ... + T (nl

k) + O(A)

Now, we have the property (3), which implies that

n1
k, ..., n

l
k ≤ n − A (4)

and

n1
k + ... + nl

k < n. (5)

Also, fix a variablem to be the maximum number of children in the target tree.
By (4), (5) and the recurrence relation (1), determine the boundaries of the draw-
ings.
Firstly, consider the heightH(n).
If A > H(n1

k) + ... + H(nl
k) + l + O(log A),

H(n) = A (6)

elseH(n) = H(n1
k) + ... + H(nl

k) + l + O(log A).
Now, setF (n) = H(n)+1

O(log A) .
If n ≤ A,

H(n) = O(log A)

⇒F (n) =
H(n) + 1
O(log A)

≤ 1.
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else ifn > A,

H(n) + 1 ≤ (H(n1
k) + 1) + ... + (H(nl

k) + 1) + O(log A)

⇒F (n) ≤ F (n1
k) + ... + F (nl

k) + 1

Finally by this result and the recurrence relation (1),

F (n) ≤ (m + 2)
n

A
− 1

, which in the function ofH(n), is

H(n) + 1 ≤ (m + 2)(
n

A
)O(log A)

⇒ H(n) ≤ (m + 2)d n

A
eO(log A) − 1

H(n) = O(md n

A
e log A) (7)

By combining the results (6) and (7) from these cases, we get

⇒ H(n) = O(md n

A
e log A + A)

Now, setF (n) = T (n)
O(A) .

If n ≤ A,

T (n) = O(n) ≤ O(A)

⇒F (n) =
T (n)
O(A)

≤ 1.

else ifn > A,

T (n) ≤ T (n1
k) + ... + T (nl

k) + O(A)

⇒ F (n) < F (n1
k) + ... + F (nl

k) + 1

By this result and the recurrence relation (1),

F (n) ≤ (m + 2)
n

A
− 1

, which in the function ofT (n), is

T (n) ≤ (m + 2)d n

A
eO(A)
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⇒ T (n) = O(mn)

Different fromH(n) andT (n), the recurrence relation is not used forW (n).
If A > max{W (n1

k) + 1, ...,W (nl−1
k ) + 1,W (nl

k)},

W (n) = A + O(log A) (8)

else

W (n) = max{W (n1
k) + 1, ...,W (nl−1

k ) + 1,W (nl
k)} + O(log A)

≤ max
1≤i≤l

{W (ni
k)} + 1 + O(log A)

< W (n − A) + 1 + O(log A) (by (5))

This sequence can be solved as follows:

W (n) ≤ d n

A
e(O(log A) + 1)

= O(d n

A
e log A)

(9)

Finally, by combining (8) and (9), we get

W (n) = O(d n

A
e log A + A)

The obtained boundaries are:

H(n) =O(md n

A
e log A + A)

W (n) =O(d n

A
e log A + A)

T (n) =O(mn)

(10)

We still have the unknownA parameter in these boundaries. Let’s plugA =√
n log n, the same value as in the binary case of [1]. Then, we get a planar upward
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straight-line drawing ofT with height, width and time as follows:

H(n) = O(
mn√
n log n

log
√

n log n +
√

n log n)

= O(
mn√
n log n

(log n + log log n) +
√

n log n)

= O(
mn log n√

n log n
+

√
n log n)

= O(m
√

n log n)

W (n) = O(
n√

n log n
log

√
n log n +

√
n log n)

= O(
n√

n log n
(log n + log log n) +

√
n log n)

= O(
n log n√
n log n

+
√

n log n)

= O(
√

n log n)

T (n) = O(mn)

The final result of boundaries are

H(n) =O(m
√

n log n)

W (n) =O(
√

n log n)
T (n) =O(mn)

(11)

We have definedm as the maximum number children under the internal nodes of
the target tree. With the drawing scheme described ahead, we get the aspect ratio
H(n)
W (n) = O(m). However, this aspect ratio can result in a very unbalanced drawing
asm approachesn. The aspect ratio can even be O(n) in some worst cases.
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In this reason, let’s look at the results withA =
√

mn log n.

H(n) = O(
mn√

mn log n
log

√
mn log n +

√
mn log n)

= O(
√

mn√
log n

(log m + log n + log log n) +
√

mn log n)

= O(
√

mn√
log n

(log m + log n) +
√

mn log n)

= O(
√

mn√
log n

log m +
√

mn log n)

= O(
√

mn log n)

W (n) = O(
n√

mn log n
log

√
mn log n +

√
mn log n)

= O(
n√

mn log n
(log m + log n + log log n) +

√
mn log n)

= O(
n√

mn log n
(log m + log n) +

√
mn log n)

= O(
log m√

m

√
n√

log n
+

√
n log n√

m
+

√
mn log n)

= O(
√

mn log n)

T (n) = O(mn)

Now, we get the height and the width ofO(
√

mn log n).

4 Experiments

To test this drawing scheme, the experiments are performed with several different
types of them value, which is the maximum number of children of the target
tree. In the figure 5, there are results from the experiments for 5 types ofm value.
The first four examples are the upward and non-upward drawings of the cases of
m = 2, 3, 4, 10, andm =

√
n, wheren is the number of leaves. The first row

in the results is in the binary cases, which shows the best and constant aspect ratio
among the group of examples. As them value grows bigger the data of aspect ratio
gets scattered. It occurs notably whenm = 10 on the fourth row in the results.
There is one more case whenm =

√
n, wheren is the number of nodes. It means

that the tree has very huge number of children when the tree is relatively big. The
aspect ratio in this case shown in the example gets worse as the tree gets bigger.
In addition, the drawing of a subtree of big number of branches is not visible with
human eyes either.
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Figure 5: Experimental result, m = 2,3,4
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Figure 6: Experimental result, m = 10
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5 Conclusion

We have investigated the extension to the straight-line orthogonal tree drawings.
The object class of this drawing scheme has expanded so that it contains not
only binary trees, but also non-binary trees. This scheme renders non-orthogonal
straight-line drawing. The analysis of the drawing shows that the height and the
width arem times those of the drawing for binary trees in [1]. However, there are
some types of trees that do not follow this result, which has been introduced in the
experimental section. It might be useful if there is some scheme for trees with big
number ofm value.
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A Javadoc documentation

As a part of the work, I have implemented the orthogonal straight-line drawing of
binary tree in Java. The attached is the javadoc documentation for the implemen-
tation.
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