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Abstract—We intr oducethe conceptof a ReservedDelivery Subnetwork
(RDS) to allow an information service provider to deliver a higher qual-
ity of service to its customers. A network provider implements an RDS
by provisioning reserved bandwidth on paths fr om a central site to dis-
trib uted locations,wherecustomersof the information servicearelocated.
The amount of bandwidth reserved is a function of the meanand variance
of the traf�c expectedat the various locations. To con�gur e an RDS, the
network provider must selectthe links to be included and must dimension
the reservations on thoselinks appropriately. Network resourceusagecan
oftenbereducedby routing �o wsdestinedfor nearby citiesalongcommon
paths. We show that the problem can be formulated as a minimum cost
network �o w problemwith aconcavecostfunction (onewherethe costper
unit �o w decreasesasthe �o w increases),which is a well-known NP-hard
optimization problem. Weintr oducean approximatesolution methodand
evaluate it experimentally. Our resultsare typically within a small factor
of an easilycomputedlower bound.

Keywords—Reserved delivery services,minimum concavecostnetwork
�o ws,approximation algorithms.

I . INTRODUCTION

A Reserved Delivery Subnetwork (RDS) is a semi-private
network infrastructureusedby aninformationserviceprovider
to allow it to deliver moreconsistentperformanceto its cus-
tomers. The endpointsof an RDS includea sourcenodeand
a potentially large numberof sink nodesdistributedwithin a
�x ed network infrastructure.Sink nodesaretypically routers
within metropolitanareaswherecustomersof theinformation
serviceare found. A network provider selectsa setof links
within thenetwork anddimensionsbandwidthreservationson
those links in order to accommodateexpectedtraf�c �o ws
from the server to the varioussink nodes. This allows traf-
�c from thesourcenodeto �o w throughto thesinkswithout
contentionfrom othertraf�c sources,improving qualityof ser-
vice.

To allow for variability in the traf�c volumeat sink nodes,
reservationsaredimensionedbasedon themeanandvariance
of the expectedtraf�c. Links that carry large traf�c volumes
aregenerallymoreef�cient thanlinks that carry small traf�c
volumes,sincetheamountof bandwidththatmustbereserved
to accommodatetraf�c variability becomesa smallerfraction
of the total astraf�c volumegrows. This effect makesit ben-
e�cial to grouptogether�o ws going from thesourceto sinks
that arecloseto oneanother. An exampleRDS is shown in
Figure1. Note that astraf�c �o ws diverge to reachdifferent
sinks,thetotal reservedbandwidthon the“downstreamlinks”
will generallybelargerthanthereservedbandwidthontheup-
streamlink (or links).

(a)Reserveddeliverynetwork.

(b) Detail view of thebandwidthreservationona router.

Fig. 1. ReservedDelivery Subnetwork

The problemof con�guring an RDS canbe formulatedas
a minimum costnetwork �o w problem[1], in which thecost
per unit �o w decreasesasthe �o w on an edgeincreases(this
modelsthe declining in�uence of traf�c variability as traf�c
volume grows). While minimum cost �o w problemscan be
solvedef�ciently whenthecostperunit �o w is �x ed [2], [3],
theproblembecomesNP-hardwhenthecostfunctionsarecon-
cave [4]. Currentresearchon suchproblemscenterson enu-
merative algorithmsthat can requireexponentialtime in the



worst-case[5], [6] andarenot practicalfor largeproblemin-
stances.Relatively little work hasbeendoneonapproximation
algorithms.

In this paper, we introducean approximationalgorithmfor
theRDScon�gurationproblem.Thealgorithmis avariantof a
classicalaugmentingpathalgorithmfor theminimumcost�o w
problemwith linearcosts(constantcostperunit �o w). As with
the classicalalgorithm,we seeka minimum costaugmenting
pathateachstep.However, thechoiceof suchapathis compli-
catedby thefactthattherelativecostsof differentpathsdepend
onhow much�o w is sentalongthem.Weinvestigatetheimpli-
cationsof thisproblemanddeviseanapproximationalgorithm
basedon onemethodfor resolvingtheproblem.Experimental
resultsshow that theproposedalgorithmproducesresultsthat
are generallyno more than twice the cost of an easily com-
putedlower bound. We believe this boundto be ratherloose
andprovideevidencethatthetrueperformanceis signi�cantly
betterthanwhatis impliedby thelowerbound.

Therestof this paperis organizedasfollows: in SectionII,
we show how RDScon�gurationcanbeformulatedasa min-
imum cost�o w problem.We presentour proposedalgorithms
in SectionIII. Experimentalresultsaregivenin sectionIV and
concludingremarksin SectionV.

I I . PROBLEM FORMULATION

We startwith anelementaryobservation. If the traf�c on a
link consistsof a largenumberof independentandstatistically
similar streams,the meanand the varianceof the aggregate
traf�c scalesdirectly with the numberof �o ws. So, we let
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�� denotethe standarddeviation of an aggregate
traf�c �o w with mean � , where 	 is a parameter. Note that
when ����	�� , ����������� . That is, 	�� is the meantraf�c
ratefor which the meanandstandarddeviation arethe same.
Givena traf�c �o w with mean� andstandarddeviation ������� ,
a suitablechoicefor the reservedbandwidthis ���������������
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 � , where � is a small constant(say3). With these
preliminaries,we cannow proceedwith a formal statementof
theRDScon�gurationproblem.
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We arealsogiven a source node ?A@

# anda setof sink
nodesBDC

# , with eachsink node E having a meandemand
�F�

E

� . The minimum cost reserved delivery network that sat-
is�es themeandemands,while respectingthecapacitylimits
on thenetwork links canbefoundby solvinga minimumcost
�o w problem,in which the �o w into eachsink is givenby its
meandemand,and the total �o w on eachlink . is bounded

by 0

��./� . The costof a �o w G on an edge . is de�ned to be
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 �<� . The secondfactor in this expressioncor-
respondsto theamountof bandwidththatmustbereservedto
accommodatea �o w of magnitudeG . Notethat thecostfunc-
tion is concave. Givena minimumcost�o w that satis�es the
demand,theoptimal reserveddelivery subnetwork is thesub-
graphof ! de�ned by theedgeswith non-zero�o ws. Thecost
of the subnetwork is the sumof the costsof the �o ws on its
edges.

Note that whenthereareno limits on edgecapacities,the
bestRDSis alwaysa tree.We expectthatin practice,network
link capacitieswill often not be a limiting factor, so that the
bestRDS may typically be a tree. Even whenlink capacities
arelimited, we maywish to constraintheform of thesolution
sothatall traf�c goingto asinglesink is constrainedto usethe
samepath,in orderto simplify the routingof the traf�c (note
thatin thiscase,theRDSneednotbea tree).

I I I . APPROXIMATE M INIMUM COST AUGMENTATION

Oneof theclassicalmethodsfor solvingminimumcost�o w
problemsis theminimumcostaugmentingpathmethod.This
methoditeratively selectsa minimumcost augmentingpath
from thesourceto asinkthathasunmetdemandandadds�o w
along that pathuntil either the demandhasbeensatis�ed or
thecapacitylimit of someedgeon thepathhasbeenreached.
While this methodcan�nd anoptimal �o w whenthecostper
unit �o w oneachedgeis constant,it cannotbedirectlyapplied
to the RDS con�guration problem,sincethe relative costsof
two differentpathscanchangedependingon themagnitudeof
the�o ws addedto thosepaths.That is, it maycostlessto add

G unitsof �o w to a path J thanto analternative path K , but it
maycostmoreto add LMG unitsof �o w to J thanto K .

Althoughwecannotusetheminimumcostaugmentational-
gorithmdirectly in theRDScon�gurationproblem,wecanap-
ply similar ideasto constructanapproximationalgorithmthat
doesnot requirean enumerative searchof theproblemspace.
Westartby reviewing someterminology. In theminimumcost
maximum �o w problem, we seeka �o w function N on the
edgesof thegivennetwork. For any nodethat is not a source
or a sink, the sum of the �o ws on the incomingedgesmust
equalthe sumof the �o ws on the outgoingedges.The �o w
must satisfy the given capacityconstraintson the edgesand
mustsatisfythegivendemandsrequiredby thesinks.Among
all such�o ws,we seekoneof minimumcost.

In the minimum cost augmentingpath algorithm, at each
stepwechooseanaugmentingpathfrom thesourceto thesink
in theresidualgraphfor thecurrent�o w. For eachedge��O�%�P��

in the original graph,the residualgraphhasan edge ��O�%�PQ� if
N

��O�%�P�� is lessthanthecapacityof ��O�%�PQ� andit hasedge��PR%�OS�

if N

��O�%�PQ� is greaterthan zero. The residualcapacityof the
edge ��O�%�PQ� is thedifferencebetweenthecapacityandthecur-
rent �o w. The residualcapacityof ��PT%�OU� equalsN

��O�%�PQ� . An
augmentingpathis justany pathin theresidualgraphfrom the
sourceto a sink. It is well known [1] that whenthe costper



Fig. 2. Nationalnetwork con�guration.

unit �o w is constant,wecanconstructaminimumcost�o w by
�nding a successionof minimum costaugmentingpathsand
saturating eachonein turn (that is addingasmuch�o w to the
pathasallowed by the capacityconstraints,or the unmetde-
mandat thesink,whichever is smaller).

To apply this approachto the RDS problem,we must �rst
de�ne what we meanby the costof an edge. For any edge .

in theoriginal graph,thecostof carrying G unitsof �o w on .

is )

��./� �

G
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 � � . We let
���

��. %���� , be the changein cost
causedby adding � unitsof �o w on theedge. in theresidual
graph,assumingthat � is no larger than the residualcapac-
ity of . . If � is larger thanthe residualcapacity,
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��. %�� � is
de�ned to be in�nite. We refer to

���

�$. %�� � as the incremen-
tal costof the edge . , with respectto the increment� . The
incrementalcostof a path,with respectto an increment� , is
de�ned asthe sumof the incrementalcostsof its edges.For
any �o w andincrement� , we cande�ne a tree �

�

����� , which
is ashortestpathtreerootedatthesourcein thesubgraphof the
residualgraphde�ned by theedgeswith residualcapacityno
smallerthan � . Thepathcostsin � arede�nedwith respectto
the incrementalcosts,
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�$. %�� � . As � is increasedfrom zero,
we geta �nite sequenceof trees�
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�
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of � .

Theincrementalcostper unit �ow of anaugmentingpath J

is
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J
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� , where � is theamountof �o w neededto sat-
urateJ . To apply theminimumcostaugmentationstrategy to
theRDSproblem,weseekanaugmentingpathfrom thesource
to a sink that hasthe smallestincrementalcostper unit �ow
amongall augmentingpaths.In principle,this canbedoneby
constructingeachof thedistinctshortestpathtreesandselect-
ing the bestaugmentingpath found in all the trees. A com-
putationallysimpleralternative is to choosea small setof in-
crements,constructthe treecorrespondingto eachincrement,
and�nd thebestaugmentingpathfrom amongthis smallerset
of trees.While this only “samples”thesetof trees,andhence
will not always�nd thebestpath,it doesat leastapproximate

theminimumcostaugmentationstrategy. We have foundthat
in practice,the bestpath is usually found in the tree corre-
spondingto thelargestincrement.This observationhasled us
to the following simpleralgorithm,which we call theLargest
DemandFirst (LDF) algorithm.

N��

��� ;
while thereis unmetdemandat somesink

Let � bethesmallerof thelargestunmet
demandandthelargestresidualcapacity
amongall augmentingpaths.

Let J betheaugmentingpathin �

�

��� � with the
smallestincrementalcostperunit �o w.

Modify N by saturatingJ .
end

If the algorithmcannot�nd an augmentingpath,while there
is still unmetdemand,thenthealgorithmfails. Eachiteration
of the algorithm requiresthe computationof a shortestpath
treeanda bottleneck shortestpath tree. Both of thesecom-
putationscanbeimplementedto run in �

��� ����� �"!#��� time,
where � is the numberof edgesand � the numberof nodes.
In networkswith amplelink capacity, eachiterationfully sat-
is�es the demandat somesink, so the numberof iterations
equalsthe numberof sinks. This leadsto an overall running
time of �

�

E

��� �$�%� �"!&����� , in thecaseof amplelink capaci-
ties. For arbitrarylink capacities,thenumberof iterationscan
grow exponentiallylarge, as it canfor the original minimum
costaugmentingpathalgorithm.

IV. EXPERIMENTAL RESULTS

To evaluatetheLDF algorithmwe comparedthecostof the
solutionproducedto thatof aneasilycomputedlower bound.
The lower boundis computedby sortingthesinksin increas-
ing order of their distancefrom the root and then assuming
that eachsink is reachedby a pathof this minimum length,
and that the pathcanbe sharedwith all sinksat greaterdis-
tancesfrom theroot. We evaluatedthealgorithmon two net-
works. The�rst is a '�(*)+'�( torus(eachnodeis connectedto
four neighborsforming a rectangulargrid with “wrap-around
edges”linking the top andbottomrows andthe leftmostand
rightmostcolumns).Link lengthswereuniformly distributed,
with thelongestlinks beingtentimeslongerthantheshortest.
Thedemandsfor thesinkswereuniformly distributed,all with
thesamemeandemand.

Thesecondnetwork, shown in Figure2, includesa nodeat
eachof the�fty largestmetropolitanareasin theUnitedStates;
thelink lengthswerechosento beequalto thegeographicdis-
tancesbetweenthe locations,and the demandswere chosen
to beproportionalto thepopulationsof themetropolitanares.
The locationsof sourcesand sinks were selectedrandomly,
with every nodehaving thesameprobabilityof selection.For
theresultsreportedhere,unboundedlink capacitieswereused
in bothnetworks. An exampleRDScomputedby theLDF al-
gorithm is shown in Figure3. The sourcefor this exampleis



Fig. 3. ExampleRDScomputedby theLDF algorithm

in Chicagoandtherearetensinksat variouslocationsaround
the country(the sinksaredesignatedby small squareson the
map). Thecostof this solutionis about1.34timesthecostof
thelowerbound.

Figure4 shows how LDF performson the torus. The �rst
chartshows the ratio of the costof the solutionproducedby
LDF to thelowerbound,asthenumberof citiesincreasesfrom
1 to 50, while 	�� is �x edso that ���

�

� �

�

, where
�

is the
averagedemandper sink. Eachdatapoint representsthe av-
erageof resultsfrom 100independentprobleminstances.For
largenumbersof cities,theLDF algorithmproducessolutions
costingno more thanabout1.6 times the lower bound. The
curveslabeledLB*(2), LB*(3) andLB*(4) arerelatedto the
lowerboundandprovideevidence(althoughnoproof) thatfor
largernumbersof citesthelowerboundis fairly loose.LB*(2)
is computedby �rst dividing the sinksinto two sets,thoseto
the“left” of thesourceandthoseto the”right” of thesource.
Eachof thesesubsetsis thensortedby distancefrom thesource
andeachnodeis assumedto shareits pathto thesourcewith all
nodesin thesamesubsetthatareat greaterdistancefrom the
source.LB*(3) (andLB*(4)) is computedsimilarly, by �rst di-
viding thesinksinto three(respectively four) setsof nodesde-
�ned by “pie-shaped”regionscenteredontheroot,thensorting
thesubsetsby distancefrom theroot andassumingthemaxi-
mum possiblesharingof pathsamongnodesin the sameset.
For largernumbersof randomlydistributedcities, it' s reason-
ableto expectLB*(2), LB*(3) andLB*(4) to benolargerthan
the costof an optimal solution,althoughthey do not consti-
tute true lower bounds.Note that for 50 sinks,LDF produces
solutionsthataverageabout1.3 timesLB*(3).

Thesecondchartin Figure4 showshow theperformanceof
LDF variesin comparisonto the lower boundas 	�� is varied
sothat ���

�

�

>

�

variesfrom .2 to 5, while thenumberof sinks
is �x edat 25. For smallvaluesof ���

�

�

>

�

, thereis lessto be
gainedfrom sharingpaths,soLDF performsbetter, relative to
the lower bound.For largervaluesof ���

�

�

>

�

, thereis much
more to be gainedby sharingpaths,so the gapbetweenthe
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Fig. 4. Performanceof LDF on torusnetwork

lowerboundandLDF getslarger. When ���

�

� is � vetimesthe
averagedemandpersink,thecostof thesolutionsproducedby
LDF increasesto about2.05timesthelowerbound.

Figure5 showshow LDF performson thenationalnetwork.
We notethatLDF performsgenerallybetterin this case,than
for the torus,but the generalcharacterof the resultsremains
thesame.We speculatethat the improvedperformancearises
largelybecausethenationalnetwork spansa greatereast-west
distancethannorth-south,andthat the largenumbersof cities
arenearthe coastsmeaningthat often the root is nearoneof
thecoasts,which makesit relatively easyfor LDF to produce
solutionswith large amountsof sharing. The wide variance
in thelink lengthsin thetorusnetwork mayalsocontributeto
the reducedperformancein that case(somelinks in the torus
network violate the triangleinequality, preventingthemfrom
beingusedin any solution).
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Fig. 5. Performanceof LDF onnationalnetwork

V. CONCLUSIONS

In this paper, we introducedtheproblemof con�guring op-
timal reserved delivery subnetworks anddevelopeda natural
approximationalgorithmto solve theproblem.Our algorithm
isbasedontheclassicalminimumcostaugmentationalgorithm
for minimum cost network �o ws. Our experimentalresults
show that the proposedalgorithm works well in both arti�-
cial networksandmorerealisticnetwork con�gurations. The
solutionsproducedin our experimentsnever exceedaneasily
computedlower boundby morethana factorof two, andwe
provide evidenceto indicatethat the true performanceis sig-
ni�cantly betterthanimplied by the comparisonto the lower
bound.
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